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Abstract. The main objective of the present paper is to study the transverse vibration of the 
prestressed beams. The differential equation of the transverse vibration of the Euler-Bernoulli beam 
is developed , in which the initial axial strain in every cross section of the beam is taken into account, 
so that the initial normal stress is not equal to zero. We have proposed some formulae to determine 
the natural frequencies of the prestressed beam. The forced transverse vibration of the beam with 
a moving external force has been considered. From this it follows compression softening effect of 
prestressed beams. A detailed comparison between the calculating results for the prestressed and 
the non-prestressed beam is also presented. 
1. INTRODUCTION 
In recent years, the prestressed ferro-concrete beams are usually used in branches of 
the construction and the road traffic. However, the research on the transverse vibration 
of the prestressed beams is still not extensively considered in Vietnam, although it is very 
necessary. The calculation of the stress of these beams is only confined to the evaluation 
of static stresses using t he experimental formulae. The international literature on t his 
respect is also little and a systematic study has not been shown. In some publications 
[1-8], the influence of axial forces or fatigue cracks on the natural frequencies of t he beam, 
which is pre-compressed by t he axial forces, was investigated. In the last case, the axial 
forces are usually supposed as constants. 
The main objective of the present paper is to study in detail the transverse vibration 
of the prestressed beams. Firstly, the differential equation of the transverse vibration of 
the Euler-Bernoulli beam is established, in which the initial axial strain in every cross 
section of the beam is taken into account, so that the initial normal stress is not equal to 
zero. In the next sections, we propose some formulae to determine the natural frequencies 
of the prestressed beam. The forced transverse vibration of the beam with a moving 
external force has been considered. A comparison between the calculating results for the 
prestressed and the non-prestressed beam is also presented. 
2. DIFFERENTIAL EQUATION OF THE TRANSVERSE VIBRATION 
OF THE PRESTRESSED BEAM 
According to the Bernoulli beam theory, every cross section of the beam is always flat 
and during deformation perpendicular to the neutral axis. Note that the geometrical axis 
of the beam without deformation is a segment of a straight line. We choose t his straight 
line as x-axis as shown in Fig. l. Neglecting the longitudinal and torsional oscillat ions, we 
consider only the transverse vibration of t he beam in the direction of z-axis. 
1 4 6  
N g u y e n  V a n  K h a n g ,  N g u y e n  P h o n g  D i e n ,  N g u y e n  T h i  V a n  H u o n g  
I n  o r d e r  t o  d e t e r m i n e  t h e  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  t r a n s v e r s e  v i b r a t i o n  o f  b e a m s ,  
w e  c o n s i d e r  a n  i n f i n i t e s i m a l  v o l u m e  a s  s h o w n  i n  F i g .  2 .  T h e  l e n g t h  o f  t h i s  i n f i n i t e s i m a l  
v o l u m e  i s  a s s u m e d  t o  b e  d x  a n d  t h e  m a s s  i s  d m .  L e t  Q  a n d  M y  b e ,  r e s p e c t i v e l y ,  t h e  s h e a r  
f o r c e  a n d  t h e  b e n d i n g  m o m e n t  a c t i n g  i n  x  - z  p l a n e ,  a n d  l e t  p ( x ,  t )  b e  t h e  l o a d i n g  p e r  
u n i t  l e n g t h  o f  t h e  b e a m .  
p ( x . t )  
x  
•  
F i g .  1 .  T r a n s v e r s e  v i b r a t i o n  o f  a  b e a m  F i g .  2 .  B e n d i n g  m o m e n t s  a n d  s h e a r  f o r c e s  
N e g l e c t i n g  t h e  r o t a r y  i n e r t i a ,  t h e  d y n a m i c  e q u i l i b r i u m  c o n d i t i o n s  f o r  t h e  t r a n s v e r s e  
v i b r a t i o n  o f  b e a m s  a r e  o b t a i n e d  b y  a p p l y i n g  D ' A l e m b e r t  p r i n c i p l e  [ 9 ]  a s  
( J 2 w  8 Q  
L F k z = - d m a t 2  - Q + Q +  a x d x + p ( x , t ) d x = O ,  
( 2 . 1 )  
L  
- 8 M y  d x  (  a Q  )  d x  
m c ( F k )  =  - M  +  M  +  - - d x  - Q - - Q  +  - d x  - =  0 ,  
y  y  a x  2  a x  2  
( 2 . 2 )  
w h e r e  w ( x ,  t )  d e n o t e s  t h e  d e f l e c t i o n  o f  t h e  b e a m .  E q u a t i o n  ( 2 . 1 )  c a n  b e  r e w r i t t e n  a f t e r  
s i m p l i f i c a t i o n  a s  
a
2
w  a Q  
p A ( x )  a t
2  
=  a x  +  p ( x ,  t ) ,  ( 2 . 3 )  
w h e r e  p i s  t h e  m a s s  d e n s i t y  a n d  A ( x )  d e n o t e s  t h e  c r o s s - s e c t i o n a l  a r e a  o f  t h e  b e a m .  F r o m  
e q u a t i o n  ( 2 . 2 )  w e  g e t  
a  M y  
Q  =  a x  .  ( 2 . 4 )  
F r o m  l i n e a r  e l a s t i c  t h e o r y ,  t h e  b e n d i n g  m o m e n t  M y  a n d  t h e  n o r m a l  s t r e s s  O ' x x  i n  t h e  
d i r e c t i o n  o f  x - a x i s  a r e  g i v e n  b y  
M y =  j  Z O ' x x d A ,  O ' x x  =  E E : x x ,  ( 2 . 5 )  
A  
w h e r e  E x x  i s  t h e  s t r a i n  i n  x - a x i s .  A s s u m i n g  t h a t  t h e  b e a m  i s  p r e s t r e s s e d ,  t h e  i n i t i a l  s t r a i n  
i n  t h e  c r o s s  s e c t i o n  A ( x )  m u s t  b e  t a k e n  i n  c o n s i d e r a t i o n ,  t h a t  i s ,  c o ( x ,  z ,  0 )  =  E o ( x ) .  I n  
t h e  l i n e a r  d e f o r m a t i o n  r e g i o n ,  s t r a i n  E x x  i s  g i v e n  i n  t e r m s  o f  t h e  i n i t i a l  s t r a i n  c o  a s  
E x x ( x ,  z ,  t )  =  c o ( x )  +  E~x(x, z ,  t ) ,  
( 2 . 6 )  
w h e r e  E~x(x, z ,  t )  i s  t h e  s t r a i n  c a u s e d  b y  d e f o r m a t i o n  o f  t h e  b e a m .  F i g .  3  s h o w s  a n  
e n l a r g e d  i m a g i n e  o f  a  p a r t  f r o m  t h e  b e n d e d  b e a m .  T h e  s t r a i n  i n  a  p a r t i c u l a r  l a y e r  z  o f  
t h e  b e a m  d e p e n d s  o n  c o o r d i n a t e  z .  I f  z  =  z o  ,  s t r a i n  c ( z o )  i s  e q u a l  t o  z e r o .  
I f  t h e  b e a m  h a s  a  c o n s t a n t  m a s s  d e n s i t y  a n d  s y m m e t r i c  c r o s s  s e c t i o n s ,  t h e  l o c a t i o n  o f  
l a y e r  z o  c a n  b e  e a s i l y  d e t e r m i n e d  ( i t  c o i n c i d e s  c o m m o n l y  w i t h  t h e  s y m m e t r i c  a x i s  o f  t h e  
b e a m ) .  H o w e v e r ,  i n  o t h e r  c a s e s ,  f o r  e x a m p l e  f e r r o - c o n c r e t e  b e a m s ,  t h e  n e u t r a l  l a y e r  i s  n o t  
. . . .  
~ 
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coincident with the symmetric axis of the beam. The length of the neutral layer between 
cross sections 1 and 2 can be determined from Fig. 3 as follows 
Lo= Pz d<p, (2.7) 
where Pz is the radius of curvature of the neutral layer. So the length of the layer z 
between cross sections 1 and 2 before deformation is also equal to Lo. After deformation, 
this length becomes 
L = (Pz + z - zo) d<p. (2.8) 
Thus, the strain of the layer z is 
* ( ) _ L - Lo _ z - zo 
Exx Z - L - Pz . (2 .9) 
If we choose zo = 0, then Eq. (2 .9) leads to 
c:;x(z) = !_____ 
Pz 
(2 .10) 





Substituting Eq. (2.11) into Eq. (2.10) yields 
(2 .12) 
Substituting Eq. (2 .12) into Eq. (2 .6), it shows that the strain of the prestressed beam 
is given by 
82w 
[iii ~ 82w 
<xx(x, z, t) ~ <o(x) - [I + ( ~; )']'/' z - <o(x) - ax' Z. 
Substituting Eq. (2.13) into Eq. (2.5) yields 
Note that 
J 82w j 2 My = Ec0(x) zdA - E Bx2 z dA. 
A A 
j zdA = wA(x), 
A 





1 4 8  
N g u y e n  V a n  K h a n g ,  N g u y e n  P h o n g  D i e n ,  N g u y e n  T h i  V a n  H u o n g  
w h e r e  I  (  x )  d e n o t e s  t h e  m o m e n t  o f  i n e r t i a  o f  t h e  c r o s s  s e c t i o n  a b o u t  t h e  y - a x i s  o f  t h e  b e a m  
c r o s s  s e c t i o n .  E q .  (  2  . 1 4 )  t a k e s  t h e  f o l l o w i n g  f o r m  
f J 2 w  
M y =  E  A ( x )  c o ( x )  w  - E  I ( x )  a x
2
.  ( 2 . 1 6 )  
S u b s t i t u t i n g  E q .  ( 2 . 1 6 )  i n t o  E q .  ( 2 . 4 )  w e  o b t a i n  
a  a  [  a
2
w ]  
Q  =  a x  [ E A ( x )  c o ( x )  w ]  - a x  E I ( x )  a x
2  
.  
( 2 . 1 7 )  
B y  s u b s t i t u t i n g  E q .  ( 2 . 1 7 )  i n t o  E q .  ( 2 . 3 ) ,  w e  g e t  a  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  t h a t  
g o v e r n s  t h e  f o r c e d  t r a n s v e r s e  v i b r a t i o n  o f  t h e  p r e s t r e s s e d  b e a m  a s  f o l l o w s  
a 2  [  a 2 w ]  a 2  a 2 w  
a x
2  




[ E A ( x )  c o ( x )  w ]  +  p A ( x )  a t
2  
=  p ( x ,  t ) .  
( 2 . 1 8 )  
3 .  F R E E  T R A N S V E R S E  V I B R A T I O N  O F  T H E  P R E S T R E S S E D  B E A M  
I n  t h e  c a s e  t h a t  m a s s  d e n s i t y  a n d  c r o s s - s e c t i o n a l  a r e a  o f  t h e  b e a m  a r e  c o n s t a n t  a n d  
t h e  i n i t i a l  s t r a i n s  i n  e v e r y  c r o s s - s e c t i o n s  a r e  e q u a l ,  t h e  d i f f e r e n t i a l  e q u a t i o n  t h a t  d e s c r i b e s  
t h e  f r e e  t r a n s v e r s e  v i b r a t i o n  o f  t h e  p r e s t r e s s e d  b e a m  c a n  t h e n  b e  w r i t t e n  a s  f o l l o w s  
a 4 w  a 2 w  a 2 w  




E A  a x
2  
+  p A  a t
2  
=  0 .  ( 3 . 1 )  
U s i n g  B e r n o u l l i  m e t h o d  o f  t h e  s e p a r a t i o n  o f  v a r i a b l e s ,  w e  a s s u m e  a  s o l u t i o n  o f  E q .  ( 3 . 1 )  
i n  t h e  f o r m  
w ( x ,  t )  =  X ( x )  T ( t ) .  ( 3 . 2 )  
T h e  f u n c t i o n s  X ( x )  a n d  T ( t )  c a n  b e  d e t e r m i n e d  b y  t h e  f o l l o w i n g  e q u a t i o n s  [ 1 2 ]  
T ( t )  +  w
2
T ( t )  =  0 ,  ( 3 . 3 )  
X ( I V ) ( x )  - co~ X " ( x )  - ~~ X ( x )  =  0 ,  ( 3 . 4 )  
w h e r e  µ  =  p A .  T h e  g e n e r a l  s o l u t i o n  o f  E q .  ( 3 . 3 )  c a n  b e  e x p r e s s e d  i n  t h e  f o r m  
T ( t )  =  D 1  c o s  w t +  D 2  s i n  w t ,  ( 3 . 5 )  




c a n  b e  d e t e r m i n e d  b y  u s i n g  t h e  i n i t i a l  c o n d i t i o n s .  B y  i n t r o -
d u c i n g  t h e  n o t a t i o n s  
2  w 2 µ  A  
e r  =  E I '  
2
/ 3  = c o l '  
( 3 . 6 )  
E q .  
( 3 . 4 )  c a n  t h e n  b e  r e w r i t t e n  a s  
X ( I V ) ( x )  - 2 / ] X " ( x )  - c r
2  
X ( x )  =  0 .  
( 3 . 7 )  
E q .  ( 3 . 7 )  i s  a  f o u r t h - o r d e r  h o m o g e n e o u s  l i n e a r  d i f f e r e n t i a l  e q u a t i o n  w i t h  c o n s t a n t  
c o e f f i c i e n t s .  T h e  e s s e n t i a l  d i f f e r e n c e  b e t w e e n  t h e  p r e s t r e s s e d  a n d  t h e  n o n - p r e s t r e s s e d  b e a m  
m a y  b e  i d e n t i f i e d  b y  t h e  s e c o n d  t e r m  o f  E q .  ( 3 .  7 ) .  I n  t h e  c a s e  o f  t h e  n o n - p r e s t r e s s e d  b e a m  
c o  =  0 ,  E q .  ( 3 . 7 )  l e a d s  t o  t h e  w e l l - k n o w n  e q u a t i o n  [ 9 ]  
X ( I V ) ( x )  - c r
2  
X ( x )  =  0 .  ( 3 . 8 )  
T h e  c h a r a c t e r i s t i c  e q u a t i o n  o f  E q .  ( 3 .  7 )  i s  
) . 4  - 2 / 3 > . 2  - Q 2  =  0 .  




On the Compression Softening Effect of Prestressed Beams 149 
The roots of this equation are given by 
>-2 = {3 ± J {32 + a2. (3.10) 
By introducing the notations 
1(a) = V Jf32 + a2 - {3 , (3.11) 
we obtain the solution from Eq. (3.10) as 
>-1 ,2 = ± i VJ {32 + a 2 - {3 = ± i ')', (3 .12) 
>-3 ,4 = ± VJ {32 + a 2 + {3 = ± 5. (3.13) 
According to the theory on linear differential equations, the general solution of Eq. 
(3. 7) is expressed in the form 
X(x) = C1 cos1x + C2 sin1x + C3 cosh5x + C4 sinh5x, (3.14) 
where the constants C1 , C2, C3 and C4 can be determined by using the boundary condi-
tions. From Eq. (3 .14) we get the following derivatives 
X'(x) = -Cnsin1x + C21cos1x + C36sinh8x + C48 cosh8x 
X"(x) = -C11 2cos1x - C212sin1x + C352cosh5x + C452sinh5x (3.15) 
X"'(x) = Cn3 sin1x - Cn3 cos1x + C353 sinh5x + C453 cosh5x 
Note that 
cosO = 1, sinO = 0, coshO = 1, sinhO = 0. (3.16) 
We consider prestressed uniform beams with boundary configurations shown in Fig. 4 





Fig. 3. Enlarged imagine of a part of the beam 
El 
Fig. 4. The prestressed uniform beam 
with the hinged ~ hinged ends 
In the first case (Fig. 4), the boundary conditions are 
X(O) = 0, X(l) = 0, X"(O) = 0, X"(l) = 0. (3 .17) 
Substituting these conditions into Eqs. (3 .14) and (3.15) one yields the characteristic 
equation 
sin 1l = 0. (3.18) 
1 5 0  
N g u y e n  V a n  K h a n g ,  N g u y e n  P h o n g  D i e n ,  N g u y e n  T h i  V a n  H u o n g  
B y  u s i n g  E q .  ( 3 . 1 8 )  w e  g e t  t h e  f o r m u l a  t o  d e t e r m i n e  n a t u r a l  f r e q u e n c i e s  o f  t h i s  b e a m  
[ 1 0 ]  
2  4 7 r 4  E I  2 7 r 2  E  
w k  =  k  - - +  k  - c o -
l 4  µ  l 2  p  
( k  =  1 ,  2 ,  . . .  ) .  
( 3 . 1 9 )  
F o r  k  =  1 ,  t h e  f u n d a m e n t a l  n a t u r a l  f r e q u e n c y  i s  
7 r
4  




W 1  =  0 µ  +  c o 1 , 2 - ; ; ·  
( 3 . 2 0 )  
I n  t h e  l a s t  c a s e  ( F i g .  5 ) ,  t h e  b o u n d a r y  c o n d i t i o n s  a r e  
X ( O )  =  0 ,  X ( l )  =  0 ,  X ' ( O )  =  0 ,  X ' ( l )  =  0 .  ( 3 . 2 1 )  
S i m i l a r l y ,  w e  h a v e  t h e  c h a r a c t e r i s t i c  e q u a t i o n  f o r  t h e .  b e a m  
f ( a )  =  2 / 3 s i n  [ r ( a ) l ]  s i n h  [ J ( a ) l ]  +  2 a
2  
{ 1  - c o s  [ r ( a ) l ]  c o s h  [ J ( a ) l ] }  =  0 .  
( 3 . 2 2 )  
T h e  r o o t s  a k  o f  E q .  ( 3 . 2 2 )  c a n  b e  o b t a i n e d  b y  n u m e r i c a l  c a l c u l a t i o n .  T h e  n a t u r a l  
f r e q u e n c i e s  o f  t h e  p r e s t r e s s e d  u n i f o r m  b e a m  w i t h  b o t h  c l a m p e d  e n d s  c a n  t h e n  b e  e x p r e s s e d  
i n  t e r m s  o f  k n o w n  v a l u e s  o f  a k  a s  
W k  = a k f ¥ ,  
( k  =  1 ,  2 ,  . . .  ) .  ( 3 . 2 3 )  
T h e  c a l c u l a t i n g  r e s u l t s  f o r  t h i s  c a s e  a r e  s h o w n  i n  T a b l e  1  a n d  T a b l e  2 .  
T a b l e  1 .  R e s u l t s  f o r  a  u n i f o r m  b e a m  w i t h  r e c t a n g u l a r  c r o s s  s e c t i o n  0 . 8  ( m )  x  0 . 7  ( m ) ,  l  =  8  ( m ) ,  
E  =  0 . 3  x  1 0
1 1  
N / m
2  
a n d  p  =  2 . 3 x  1 0
3  
k g / m
3  
c o  
W 1  
w 2  
W 3  W 4  W 5  
- 0 . 0 0 4  2 3 4 . 5 6  6 7 6 . 0 1  1 3 4 9 . 1 1  2 2 4 8 . 1 2  
3 3 7 2 . 7 1  
- 0 . 0 0 3  2 3 9 . 8 9  
6 8 2 . 9 3  1 3 5 6 . 5 6  
2 2 5 5 . 8 9  
3 3 8 0 . 6 8  
- 0 . 0 0 2  2 4 5 . 0 8  6 8 9 . 7 8  1 3 6 3 . 9 8  2 2 6 3 . 6 3  
3 3 8 8 . 6 3  
- 0 . 0 0 1  2 5 0 . 1 6  6 9 6 . 5 6  1 3 7 1 . 3 5  2 2 7 1 . 3 4  
3 3 9 6 . 5 6  
0 . 0 0  2 5 5 . 1 3  7 0 3 . 2 6  1 3 7 8 . 6 8  
2 2 7 9 . 0 2  3 4 0 4 . 4 7  
0 . 0 0 1  2 5 9 . 9 9  
7 0 9 . 9 0  1 3 8 5 . 9 7  
2 2 8 6 . 6 8  3 4 1 2 . 3 6  
0 . 0 0 2  2 6 4 . 7 5  7 1 6 . 4 6  1 3 9 3 . 2 2  
2 2 9 4 . 3 2  3 4 2 0 . 2 4  
0 . 0 0 3  2 6 9 . 4 3  7 2 2 . 9 8  
1 4 0 0 . 4 3  
2 3 0 1 . 9 2  3 4 2 8 . 0 9  
0 . 0 0 4  2 7 4 . 0 1  7 2 9 . 4 3  1 4 0 7 . 6 1  
2 3 0 9 . 5 1  
3 4 3 5 . 9 3  
B a s e d  o n  t h e s e  r e s u l t s ,  s o m e  c o m m e n t s  c a n  b e  m a d e  a s  f o l l o w s  
- I n  t h e  c a s e  o f  t h e  p r e - c o m p r e s s e d  b e a m  ( c o  <  0 ) ,  t h e  n a t u r a l  f r e q u e n c i e s  o f  t h e  b e a m  
d e c r e a s e  f o r  l c o  I  i n c r e a s i n g .  
- I n  t h e  c a s e  o f  t h e  p r e - s t r a i n e d  b e a m  ( c o  >  0 ) ,  t h e  n a t u r a l  f r e q u e n c i e s  o f  t h e  b e a m  
i n c r e a s e  w i t h  t h e  r a i s e  o f  c o .  
- T h e  f u n d a m e n t a l  n a t u r a l  f r e q u e n c y  o f  t h e  b e a m  i s  i n f l u e n c e d  s i g n i f i c a n t l y  b y  t h e  p r e -
s t r e s s e d  e f f e c t .  H o w e v e r ,  t h i s  e f f e c t  h a s  f e w e r  i n f l u e n c e  o n  h i g h - o r d e r  n a t u r a l  f r e q u e n c i e s  
o f  t h e  b e a m .  
- T h e  a b o v e - m e n t i o n e d  p h e n o m e n o n  i s  c a l l e d  " c o m p r e s s i o n  s o f t e n i n g  e f f e c t "  o f  p r e -
s t r e s s e d  b e a m s .  
. . . .  
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Table 2. Results for a uniform beam with circular cross section, the radius is 0.45 (m), 
l = 10 (m), E = 0.3x1011 N/m2 and p = 2.3xl03 kg/m3 
co W] w2 W3 W4 W5 
-0.004 163.10 476.54 955.84 1596.26 3359.40 
-0.003 168.00 482.82 962 .56 1603.26 3366.70 
-0.002 172.73 489.01 969.24 1610.23 3373.98 
-0.001 177.33 495.12 975 .88 1617.16 3381.24 
0.00 181.80 501.16 982 .47 1624.07 3388.49 
0.001 186.16 507.11 989.01 1630.94 3395.72 
0.002 190.41 513.00 995.51 1637.79 3402.93 
0.003 194.55 518.80 1001.96 1644.61 3410.14 
0.004 198.60 524.54 1008.38 1651.40 3417.32 
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Using Eq. (2 .18), we obtain the partial differential equation that describes the forced 
transverse vibration of the prestressed uniform beam with constant initial strain co 
84w 82w 82w 
EI 8x4 - coEA 8x2 + pA 8t2 = p(x, t). (4.1) 
Based on Bernoulli method, we assume a solution of Eq. (4.1) in the form 
00 
w(x, t) = L Xk(x)qk(t), (4.2) 
k= l 
where Xk(x) is the eigenfunction, qk(t) is the unknown function that we have to find. By 
substituting Eq. (4 .2) into Eq. (4 .1), we obtain a system of ordinary differential equations 
to determine functions qk(t) 
l J p(x, t)Xk(x)dx 
qk(t) + Wkqk(t) = O l = hk(t) , (k = 1, 2, ... ). (4.3) 
pAf xi(x)dx 
0 
We consider now the forced transverse vibration of a prestressed beam which is excited 
by a moving constant external force Fo at constant velocity v as shown in Fig. 6. 
EI 
Fig. 5. T e prestressed uniform beam 
with both fixed ends 
Fig. 6. Forced transverse vibration of a 
prestressed beam 
1 5 2  
N g u y e n  V a n  K h a n g ,  N g u y e n  P h o n g  D i e n ,  N g u y e n  T h i  V a n  H u o n g  
I n  t h i s  c a s e ,  t h e  e i g e n f u n c t i o n  X k ( x )  i s  c h o s e n  c o r r e s p o n d i n g  t o  t h e  b o u n d a r y  c o n f i g -
u r a t i o n  a s  X k ( x )  = s i n  k~x, s o  E q .  ( 4 . 3 )  c a n  b e  r e w r i t t e n  i n  t h e  f o l l o w i n g  f o r m  
. .  (  )  
2  
(  )  2 F o  .  "  
q k  t  +  w k q k  t  =  p A l  s m  H k t ,  
w h e r e  n k  i s  d e f i n e d  a s  
"  _  b r v  
H k  - - l - .  
( k  =  1 , 2 ,  . . .  ) ,  
T h e  g e n e r a l  s o l u t i o n  o f  E q .  ( 4 . 4 )  i s  g i v e n  i n  t h e  f o r m  




~'" s i n D k t .  
( 4 . 4 )  
( 4 . 5 )  
( 4 . 6 )  
T h e  c o n s t a n t s  A k ,  B k  c a n  b e  d e t e r m i n e d  u s i n g  t h e  i n i t i a l  c o n d i t i o n s .  A s s u m i n g  t h a t  
t h e  i n i t i a l  c o n d i t i o n s  a r e  
0 0  
w o ( x )  =  w ( x ,  0 )  =  I :  X k ( x ) q k  
k = l  
(  )  
o w ( x ,  0 )  ~ (  )  .  
V o  X  =  , , , _ , _  = ' =  ~ X k  X  q k  
k = l  
U s i n g  t h e  p r o p e r t y  o f  o r t h o g o n a l i t y  o f  t h e  e i g e n f u n c t i o n s ,  t h e s e  i n i t i a l  c o n d i t i o n s  c a n  
b e  s i m p l i f i e d  t o  
q k ( O )  =  0 ,  < i k ( O )  =  0 ,  ( k  =  1 ,  2 ,  . . .  ) .  ( 4 . 7 )  
W i t h  t h e  i n i t i a l  c o n d i t i o n s  ( 4 . 7 ) ,  t h e  c o n s t a n t s  A k ,  B k  a r e  g i v e n  b y  
2 F o n k  
A k  =  0 ,  B k  =  - A l  (  2  - n 2 ) .  
p  W k  W k  H k  
( 4 . 8 )  
S u b s t i t u t i n g  E q .  (  4 . 8 )  i n t o  E q .  (  4 . 6 )  y i e l d s  
2 F o n k  .  2 F o  .  
q k ( t )  =  - pAlwk(w~ _  D % )  s m w k t  +  pAl(w~ _  D % )  s m D k t .  
( 4 . 9 )  
b r x  
B y  s u b s t i t u t i n g  E q .  ( 4 . 9 )  a n d  t h e  e i g e n f u n c t i o n  X k ( x )  = s i n  - l - i n t o  E q .  ( 4 . 2 ) ,  w e  
g e t  t h e  f o l l o w i n g  f o r m u l a  f o r  d e t e r m i n i n g  t h e  d y n a m i c  d e f l e c t i o n  o f  t h e  b e a m  
2 F o  ~ 1  [  .  D k  .  ]  .  b r x  




s m D k t  - - s m w k t  s m - l - .  
p  k = l  W k  k  W k  
( 4 . 1 0 )  
F r o m  E q .  ( 4 . 1 ) ,  i t  c a n  b e  s h o w n  t h a t  t h e  r e s o n a n t  p h e n o m e n o n  o c c u r s  i f  D k  = w k .  
T h i s  l e a d s  t o  t h e  f o l l o w i n g  c o n d i t i o n  
k 2 7 r 2  
z 2  
E I  l
2
E  b r v *  
- k  
p A  +  E o  k 2 7 r 2 p  - - l - ,  
w h e r e  v ' k  i s  t h e  c r i t i c a l  v e l o c i t y  w h i c h  c a n  b e  d e t e r m i n e d  b y  u s i n g  E q .  ( 4 . 1 1 )  a s  
( 4 . 1 1 )  
. .  
I )  
' ,  
.. -
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(4.12) 
In the case that v = v'k and 01 = w1 corresponding to k =l, for simplicity in writing 
we set 01 = 0, W1 = w, vi = v*. The dynamic deflection of the beam for this case is 
given by 
* 2Fo . 7rX . 
w (x , t) = Al sm -l- hm p 0--->w 
By applying the L'Hospital law, we obtain 
· n o . s1n~d - - smwt 
w 
w2 _ [22 
* ( ) Fo . 7rx ( . ) w x,t = pAlw2 sm-l- smwt - twcoswt . 
7r Substituting w = 0 = yv* into Eq. (4.14) yields 
w*(x, t) = pA:~~* 2 [sin ( 7r~* t) - 7r~* t cos ( 7r~* t)] 
The calculation of extrema of t he function w*(x, t) leads 
* Fol 3 . 7rX 







The deflection in the middle of the beam (i .e. x = ~) can then be calculated from Eq. 
(4.16) as 
* l Fol 3 
WmaJ2) = 7rE(7r2f +col2A). ( 4.17) 
For co = 0 (i.e. in the case of the non-prestressed beam), Eq. ( 4.17) leads to the 
well-known formula [9] 
* l Fol 3 
Wmax(-2) = 7r3EJ ' (4.18) 
A comparison between Eq. ( 4.17) and Eq. ( 4. 18) gives us the following concluding 
remarks: 
- The maximum deflection of the pre-compressed beam (co < 0) is larger than the 
maximum deflection of the beam without prior compression . 
- The maximum deflection of the pre-strained beam (co > 0) is smaller than the max-
imum deflection of the beam without prior tension .. 
This behaviour illustrates the "compression softening effect" of prestressed beams 
which has been shown in the previous section. 
5. CONCLUSIONS 
In this article, the transverse vibration of prestressed beams is addressed. Some new 
results have been reached: 
The partial differential equation that describes the transverse vibration of the pre-
stressed beam is established generally by means of D'Alembert principle. This approach 
1 5 4  N g u y e n  V a n  K h a n g ,  N g u y e n  P h o n g  D i e n ,  N g u y e n  T h i  V a n  H u o n g  
i s  m o r e  g e n e r a l  a n d  c o n v e n i e n t  t h a n  t h e  m e t h o d  u s i n g  a  m o d e l  o f  t w o  c o m p r e s s i v e  f o r c e s  
a c t i n g  i n  b o t h  e n d s  o f  t h e  b e a m .  
T h e  c a l c u l a t i n g  r e s u l t s  f o r  t h e  p r o b l e m s  o f  t h e  f r e e  a n d  f o r c e d  t r a n s v e r s e  v i b r a t i o n  o f  
t h e  p r e s t r e s s e d  b e a m  h a v e  c l e a r l y  d e m o n s t r a t e d  t h e  " c o m p r e s s i o n  s o f t e n i n g  e f f e c t "  w h i c h  
w a s  f o u n d  b y  m e a n s  o f  e x p e r i m e n t a l  w o r k s  i n  r e f e r e n c e  [ 5 ] .  
B a s e d  o n  t h e  f o r m u l a e  d e v e l o p e d  i n  p r e v i o u s  s e c t i o n s  o f  t h e  p r e s e n t  a r t i c l e ,  i t  i s  p o s -
s i b l e  t o  s t u d y  c o m p l i c a t e d  p r o b l e m s  o n  d y n a m i c s  o f  s t r u c t u r e s  w h i c h  c o n t a i n s  p r e s t r e s s e d  
e l e m e n t s .  T h i s  w i l l  b e  t h e  s u b j e c t  f o r  f u t u r e  w o r k s .  
A c k n o w l e d g m e n t . T h i s  p a p e r  w a s  c o m p l e t e d  w i t h  t h e  f i n a n c i a l  s u p p o r t  o f  t h e  V i e t -
n a m  B a s i c  R e s e a r c h  P r o g r a m  i n  N a t u r a l  S c i e n c e  
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V E  HI~U U N G  L A M  M E M  D A M  B A N G  N E N  C U A  D A M  C O  U N G  
S U A T  T R U O C  
C h u  d e  c h f n h  c u a  b a i  b a o  l a  n g h i e n  c u u  d a o  d < ) n g  u o n  c u a  d a m  c 6  u n g  s u a t  t n r & c .  
P h u a n g  t r l n h  v i  p h a n  d a o  d < ) n g  u o n  c u a  d a m  E u l e r - B e r n o u l l i  d m ; r c  t h i e t  l~p, t r o n g  d 6  &  
m o i  m~t c a t  n g a n g  c u a  d a m  c 6  b i e n  d 1 ; 1 - n g  d a i  t y  d o i  b a n  d a u ,  d o  d 6  u n g  s u a t  p h a p  b a n  
d a u  k h a c  k h o n g .  T r a n g  b a i  b a o  n a y  d a  x a y  d v n g  m < ) t  s o  c o n g  t h u c  t f n h  c a c  t a n  s o  r i e n g  
c u a  d a m  c 6  ( r n g  s u a t  t r u & c  v a  k h a o  s a t  d a o  d 9 n g  u o n  c u c m g  b u c  c u a  d a m  c 6  u n g  s u a t  
t r n & c  k h i  c 6  n g o 1 t - i  I v e  d i  c h u y e n .  T u  d o  r u t  r a  h i $ u  u n g  l a m  m e m  d a m  b a n g  n e n  c u a  d a m  
c o  u n g  s u a t  t r u a c .  C a c  k e t  q u a  t f n h  t o a n  c h o  d a m  c 6  u n g  s u a t  t r u a c  v a  c h o  d a m  k h o n g  
c 6  u n g  s u a t  t r n & c  d i i  C T U ' Q ' C  s o  s a n h  v a  d a n h  g i a  m 9 t  e a c h  c h i  t i e t .  
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